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Spin polarization induced by an external electric field in graphene is considered theoretically in
the linear response regime. The graphene is assumed to be deposited on a substrate which leads
to the spin-orbit interaction of Rashba type. The induced spin polarization is shown to be in the
graphene plane and perpendicular to the electric field. However, the spin polarization changes sign
when the Fermi level, whose position can be controlled by an external gate voltage, crosses the Dirac
points.
PACS numbers: 71.70.Ej, 72.80.Vp, 85.75.-d
Introduction – By mixing orbital and spin degrees of
freedom, spin-orbit interaction leads to a variety of novel
and interesting physical effects. Among them, there is
a class of transverse transport phenomena, where the
transverse currents are driven by spin-orbit coupling.
The most prominent example of these phenomena is the
spin Hall effect (SHE), where an external electric field
(or charge current due to this field) generates spin cur-
rent flowing perpendicularly to the electric field. This
phenomenon is very attractive for possible applications
in spintronics devices, because it gives a unique possibil-
ity to create a pure spin current in nonmagnetic systems.
The spin current, in turn, is a tool to control spin degree
of freedom, and thus also orientation of the correspond-
ing magnetic moments.
Long ago, Dyakonov1 predicted that an electric cur-
rent flowing in a system with spin-orbit (SO) interaction
can induce not only perpendicular spin current, but also
spin polarization of conduction electrons, with the po-
larization vector perpendicular to the direction of cur-
rent (and electric field). This phenomenon was studied
later in a variety of systems exhibiting spin-orbit inter-
action2–7. For example, Edelstein2 has considered spin
polarization induced by electric field (current) in a two-
dimensional electron gas with Rashba spin-orbit interac-
tion, and found that the spin polarization is in the plane
of the system and normal to the electric field. This fol-
lows from peculiar properties of electronic states in the
Rashba field8. The current-induced spin polarization has
been observed experimentally, too9–15.
In this letter we consider spin polarization induced by
an electric field in graphene, a strictly two-dimensional
hexagonal lattice of carbon atoms. This crystal lattice
can be considered as composed of two nonequivalent tri-
angular sublattices.16,17. Low energy electronic states in
graphene are described by the relativistic Dirac model,
with a characteristic conical energy spectrum. Fermi
level of a free standing graphene consists of two nonequiv-
alent Dirac points, K and K ′. Intrinsic spin-orbit inter-
action opens an energy gap at the Fermi level (Dirac
points), but this interaction in graphene is too small to
generate measurable effects and may be neglected. Much
stronger spin-orbit interaction can be induced by a sub-
strate. This interaction is known as the Rashba spin-
orbit coupling. Its advantage over intrinsic spin-orbit in-
teractions, in general, is due to the fact that the Rashba
coupling parameter can be tuned by external electric field
applied perpendicularly to the systems’s plane, or simply
by external gate voltage.
FIG. 1. (color online) Scheme of the device based on
graphene, where electric field (or charge current) flowing along
the stripe (axis y) can induce spin polarization of carbon
atoms. This spin polarization is in the graphene plane and
normal to the electric field. External gate voltage can be used
to control position of the Fermi level in graphene.
It is already well known that the Rashba spin-orbit
interaction in graphene gives rise to the spin Hall effect,
with the spin current polarized perpendicularly to the
graphene plane and flowing in the direction normal to
the electric field (charge current).18,19 Here, we show that
the Rashba coupling also leads to a current-induced spin
polarization, which is oriented in the graphene plane and
normal to the electric field, as shown schematically in
2Fig.1.
In section 2 we present the model we use in this pa-
per and also describe the method used to calculate the
nonequilibrium spin polarization. Section 3 presents
some numerical results on the current-induced spin po-
larization, while summary and final conclusions are in
section 4.
Model and method – We consider a system shown
schematically in Fig.1. More specifically, we consider
a strictly two-dimensional hexagonal lattice of carbon
atoms, with an external electric field applied in the
graphene plane. The low-energy electronic states of pris-
tine graphene around the Dirac point K are described
by the Kane Hamiltonian HK0 .
16 Since the intrinsic spin-
orbit interaction in graphene is very small, as mentioned
above, it will be neglected in the following considera-
tions, and only the Rashba spin-orbit term induced by
a substrate will be taken into account. Accordingly, the
Hamiltonian HK0 for the K point can be written in the
following matrix form in the sublattice space:
HK0 = v
(
0 kx − iky
kx + iky 0
)
+λ
(
0 σy + iσx
σy − iσx 0
)
, (1)
where kx(y) are the wavevector components in the
graphene plane, v = h¯vF with vF denoting the electron
Fermi velocity, λ is the parameter of Rashba spin-orbit
coupling, and σα (α = x, y, z) are the Pauli matrices in
the spin space. The parameter v is connected with the
hoping integral t between the nearest neighbors via the
formula v = ta
√
3/2, where a is the distance between
nearest-neighbor carbon atoms. Without loosing gener-
ality we assume in the following that the parameter λ is
positive, λ > 0, if not stated otherwise.
The spin polarization at T = 0 can be calculated from
the formula
Sα(t) = −iTr
∫
d2k
(2pi)2
ΣαGk(t, t
′)|t′=t+0, (2)
where Gk(t, t
′) is the zero-temperature Green function
of the system in external field and Σα is the spin vertex
function. In the case of graphene Σα may be written as
Σα =
h¯
2
I ⊗ σα, (3)
where I is a unit matrix in the pseudo-spin (sublattice)
space. The relevant theoretical procedure includes now
the Fourier transformation of the spin polarization and
Green function with respect to the time variables, and
expansion of the Green’s function in a series in external
field. In the linear response theory only the first order
term of the expansion is taken into account
To determine the current-induced spin polarization in
the case under consideration, we assume that external
electric field of frequency ω is along the axis y, and cal-
culate the field-induced spin polarization along the axis
FIG. 2. Diagram representing x component of the current-
induced spin polarization in the linear response regime. Here,
Σx is defined as Σx = h¯I⊗σx/2, while HA is the perturbation
due to external field, as described in the text.
x (see Fig.1). We have checked that the other compo-
nents of spin polarization, i.e. those along the axes y
and z, vanish then exactly, at least in the linear response
regime. Accordingly, the frequency-dependent x compo-
nent of the spin polarization induced by electric field is
given in the linear response regime by the diagram shown
in Fig.2. The corresponding analytical expression takes
then the form (including contributions from both K and
K ′ points)
Sx(ω) = −iTr
∫
d2k
(2pi)2
∫
dε
2pi
(
σx 0
0 σx
)
× G0k(ε+ ω)HAG0k(ε), (4)
where G0
k
(ε) is the Green function corresponding to the
Hamiltonian (1), and HA is the perturbation due to the
external field, HA = −evyAy. Here, Ay is the corre-
sponding vector potential, which is connected to the elec-
tric field Ey via the relation Ay = −iEy/ω, and vy is the
y-component of the velocity operator. Equation (2) can
be rewritten as
Sx(ω) =
eE
2piω
Tr
∫
d2k
(2pi)2
∫
dε
2pi
(
σx 0
0 σx
)
× G0
k
(ε+ ω)vyG
0
k
(ε). (5)
In the stationary limit, ω → 0, the above formula leads
to the following expression:
Sx =
e
2pi
EyTr
∫
d2k
(2pi)2
(
σx 0
0 σx
)
G0Rk (µ)vyG
0A
k (µ),(6)
where G
0R(A)
k
(µ) is the retarded (advanced) Green func-
tion corresponding to (1), and µ is the electrochemical
potential measured from the energy corresponding to the
Dirac points. The chemical potential can be controlled
by an external gate voltage. Taking into account the
explicit form of the relevant Green functions one finds
Sx =
e
(2pi)2
Ey
∫
dk
8vλµk(k4v4 − µ4 + 4µ2λ2)∏4
n=1(µ− En + iΓ)(µ− En − iΓ)
,
(7)
where Γ = h¯/2τ , with τ denoting the momentum relax-
ation time. The above equation presents a general for-
mula for the current-induced spin polarization at T = 0,
3from which one can find some simple analytical expres-
sions valid in specific situations, as described in the fol-
lowing section.
Analytical and numerical results – The integration over
k in Eq.(7) can be performed with the use of Cauchy’s
residue theorem, which leads to simple analytical formu-
las for the spin polarization induced by electric field (cur-
rent). When |µ| < 2λ one finds
Sx =
e
4pi
µ(2λ± µ)
v(λ ± µ) Eyτ, (8)
where the upper and lower signs correspond to µ > 0 and
µ < 0, respectively. In turn, for |µ| > 2λ we find
Sx = ± e
4pi
2µ2λ
v(µ2 − λ2)Eyτ. (9)
FIG. 3. (color online) Spin polarization Sx induced by electric
field, presented as a function of the chemical potential µ for
indicated values of the spin-orbit Rashba coupling parameter
(a), and as a function of the Rashba parameter λ for indicated
values of the chemical potential. The other parameters are:
a = 1.4A˚, t = 2.9eV, τ = 10−10s, and Ey = 0.1V/m.
The spin polarization is linear in electric field, which is
obvious in the linear response regime. Apart from this,
the spin polarization is also proportional to the relax-
ation time, similarly as in the case of spin polarization
induced by electric field in a two-dimensional electron
gas. Variation of the spin polarization with the chemical
potential µ is more complex and is shown in Fig.3(a) for
specific values of the spin-orbit Rashba parameter. First,
we note that the spin polarization vanishes for µ = 0, ie.
when the Fermi level is at the Dirac points. This is rather
obvious due to a vanishing density of states at the Dirac
points. When µ departs slightly from µ = 0, the abso-
lute value of spin polarization increases. This increase is
roughly linear in |µ| at small values of µ. Indeed, in the
limit of |µ| << λ one finds
Sx =
e
4pi
2µEyτ
v
. (10)
Note, this rate of increase is linear in electric field Ey
and relaxation time τ , but is independent of the Rashba
parameter λ. The latter is clearly visible in Fig.3(a) for
small values of µ.
FIG. 4. Spin polarization Sx induced by electric field, pre-
sented as a function of the chemical potential µ and Rashba
spin-orbit coupling parameter λ, calculated for a = 1.4A˚,
t = 2.9eV, τ = 10−10s, and Ey = 0.1V/m. Local maxima
in |Sx| as a function of µ are marked by dashed lines.
When |µ| increases further, |Sx| reaches a maximum
at some point (which depends on the coupling parameter
λ) and then weakly decreases with a further increase in
|µ|. Finally, Sx saturates at large values of |µ|,
Sx = ± e
4pi
2λEyτ
v
(11)
for µ2 >> λ2.
The above described behavior of spin polarization and
the formulas for the two limiting situations, as well as
the data presented in Fig.3(a) clearly show that the spin
polarization is negative for µ > 0 and positive for µ < 0
(note that e is the electron charge). Thus, the current-
induced spin polarization in graphene changes sign at
µ = 0. This behavior is different from that found in
4a two-dimensional gas, where spin polarization does not
change sign with the chemical potential.21 Note, that the
spin polarization would also change sign when the spin-
orbit parameter λ would be negative.
Variation of spin polarization with the Rashba param-
eter λ is shown in Fig.3(b) for indicated values of the
chemical potential µ. When λ >> µ, the spin polariza-
tion saturates and becomes independent of λ in agree-
ment with Eq.(10). In turn, for λ << µ, the absolute
value of spin polarization grows linearly with λ, as fol-
lows from Eq.(11).
Figure 4 presents density plots for the current-induced
spin polarization as a function of the chemical potential µ
and Rashba coupling parameter λ. The curves presented
in Fig.3 are cross sections of this figure taken either at
constant λ (Fig.3(a)) or at constant µ (Fig.3(b)). Max-
ima in the absolute value of the spin polarization are
clearly seen in this figure. These maxima appear along
two lines (the dashed lines in Fig.4) in the plane deter-
mined by chemical potential µ and spin-orbit parameter
λ – one for positive µ and one for negative µ.
Summary – We have analyzed the spin polarization in
graphene induced by an external electric field (or associ-
ated current). To find the stationary nonequilibrium po-
larization in the linear response we have used the Green
function method. From this, we have derived some an-
alytical formulas for the induced spin polarization. The
spin polarization is shown to be in the graphene plane
and normal to the current orientation. Sign of the spin
polarization depends on the chemical potential µ and
changes at µ = 0. Moreover, sign of the polarization also
depends on the sign of the spin-orbit Rashba parameter
λ.
When absolute value of the chemical potential, |µ|, is
much larger than the Rashba parameter, the spin polar-
ization grows linearly with λ and is roughly independent
of µ. In turn, when |µ| is much smaller than the Rashba
parameter, the spin polarization is independent of λ, but
varies linearly with the chemical potential µ. Between
these two limiting situations, amplitude of the spin po-
larization reaches a maximum at some chemical poten-
tial. Position of these points changes linearly with the
Rashba parameter.
Since the spin polarization is induced by current flow-
ing due to an external electric field, one can expect a sim-
ilar spin polarization as a result of current flowing due
to temperature gradient instead of electric field. Indeed,
such a spin polarization induced by thermal currents was
proposed recently in the case of two-dimensional elec-
tron gas.20,21 Such a thermally induced spin polarization
should also appear in graphene. This problem, however,
requires a detailed analysis and will be considered in a
separate paper.
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